Abstract. Let M α (d, χ) be the moduli space of α-stable pairs (s, F) on the projective plane P 2 with Hilbert polynomial χ(F(m)) = dm + χ. For sufficiently large α (denoted by ∞), it is well known that the moduli space is isomorphic to the relative Hilbert scheme of points over the universal degree d plane curves. For the general (d, χ), the relative Hilbert scheme does not have a bundle structure over the Hilbert scheme of points. In this paper, as the first non trivial such a case, we study the wall crossing of the α-stable pairs space when (d, χ) = (5, 2). As a direct corollary, by combining with Bridgeland wall crossing of the moduli space of stable sheaves, we compute the virtual Poincaré polynomial of M ∞ (5, 2).
With the help of the general result of the geometric invariant theory ( [18] ), Le Potier proved that there exist projective schemes M α (d, χ) parameterizing Sequivalence classes 1 of α-semistable pairs with Hilbert polynomial P(m) = dm + χ. Also, M. He [13] 
]).
• If α is sufficiently small (denoted by α = 0 + ), the moduli space has a natural forgetting morphism
which associates to the 0 + -stable pair (s, F) the sheaf F. The later moduli space M(d, χ) parameterizes semistable sheaves with Hilbert polynomial dm + χ.
When α = ∞, α-stable pairs are precisely stable pairs in the sense of PandharipandeThomas. Let us denote by B(d, n) the relative Hilbert scheme of n points on the universal degree d curve. In [6] , when d ≤ 5 and χ = 1, the moduli spaces are birational among each other and thus we obtain the cohomology group of the space M(d, χ) by studying the wall crossing of the moduli spaces M α (d, χ). In this case, the work is well going since the relative Hilbert scheme B(d, n) is a projective bundle and all of the wall crossings are simple, that is, the number of the JH-filterations of α-stable pairs is two. But, for the large (d, χ), the wall crossings among the α-stable pairs space become very complicate because the wall crossing may not not be simple. Also it is hard to understand the geometry of the relative Hilbert scheme B(d, χ) (cf. [6] ). Hence we need more careful study to get some geometric information of the M(d, χ) from the α-stable pairs spaces or its wall crossings. In this paper, we study the wall crossings when (d, χ) = (5, 2). This is the first case such that the relative Hilbert scheme is not a projective bundle and the wall crossings may not be simple. That is, we will show that Theorem 1.1.
(1) There are five times wall-crossing between M ∞ (5, 2) and M + (5, 2) with geometric meaningful centers.
is a projective bundle map on the M + 2 (5, 2) with fiber P 1 . In the complement of M
On the other hand, the moduli space M(5, 2) has another wall-crossings, that is, the Bridgeland wall crossing. This was done by a general setting by many authors (For example, [24, 3] ). To get the cohomology group of the space M(5, 2) from the Bridgeland wall crossing as did in [7] , it is essential to know the final birational (or wall-crossing model) of the moduli space M(5, 2). By studying the nef cone of one of the birational model of M(5, 2), we obtain 2 (that is, the total space of the canonical line bundle K P 2 ) is 6060 which is done by using the torus localization technique ( [4] ). The difference 30 comes from the Euler number of the sheaves supported on P 1 which is the outside of the zero section of local P 2 . This is informed to the author by J. Choi. The author would like to thank J. Choi for the comment.
1.2.
Stream of the paper. In §2, we study the wall crossing of the moduli spaces of α-stable pairs on P 2 by using the classification of semistable sheaves in [10, 17] . Also, we analyze the forgetting map ξ by considering the Brill-Noether locus in M(5, 2). In §3, we find the last birational model of M(5, 2) by studying the effective cone of the moduli space M(5, 2). As a corollary, we obtain the Poincaré polynomial of the space M(5, 2) which reprove the result of [25] . In §4, we compute the Poincaré polynomial of the relative Hilbert scheme B(5, 7) by using the result of the previous sections.
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Wall crossings of the spaces
In this section, we firstly study the wall crossing between M ∞ (5, 2) and M + (5, 2). Secondly, we analysis the forgetting map M + (5, 2) −→ M(5, 2) by studying at the Brill-Noether locus. For the convinces of the readers, we leave the following useful lemmas which will be used several times in the paper.
Lemma 2.1. [13, Corollary 1.6] Let Λ = (s, F) and Λ ′ = (s ′ , F ′ ) be pairs on a smooth projective variety X. There exists a long exact sequence
On the other hand, let X be a quasi-projective variety. Let us define
by the virtual Poincaré polynomial of X. Let e(X) := i (−1) i dimH i (X) be the virtual Euler number of the variety X. The virtual Poincaré polynomial has the following motivic properties.
Proposition 2.2.
(1) P(X) = P(X−Z)+P(Z) for a closed subvariety of Z ⊂ X. (2) Let π : X → Y be a Zariski locally trivial fiberation with the fiber F. Then (2) , if the fiber is F ∼ = Gr(k, n), the same conclusion holds even though π is an analytic fiberation ([2, Lemma 3.1]).
Wall-crossing among M
∞ (5, 2) and M + (5, 2). The possible types of strictly semistable pairs is given in the following table. Here (1, (d, χ)) (resp. (0, (d, χ))) denotes the pair (s, F) with a nonzero (resp. zero) section s and the Hilbert poly-
(1, (3, 1)) ⊕ (0, (2, 1)) All of the wall crossings except at α = 3 is simple. The wall occurs by following the configuration of points in quintic curves. In this subsection, we will describe the wall crossing for the computation of the virtual Poincaré polynomial of the space
by the wall crossing locus of the moduli space
Let us start with the study of the wall crossing at α = 18 − ǫ. We remark that the wall crossing locus C − 18 is not a projective bundle over it base space. Lemma 2.3. The wall crossing locus C + 18 at α = 18 is a P 7 -bundle over the product space
and a P 4 -bundle over D.
Proof. By the analysis of the wall at α = 18, the 18 + ǫ-stable pairs (1,
fits into a non-split exact sequence
where F dm+χ denotes the semistable sheaf with Hilbert polynomial dm + χ. Also, one can easily check that all pairs fitting in (2.1) is α + ǫ-stable. Thus the wall C
for some quartic curve C and a line L. By using the resolution of F 4m−2 , we obtain that dim Ext
From the exact sequence in Lemma 2.1 again, one can see that
The later space is divided into two cases. From the short exact sequence 0
By the Serre duality, Ext
But the later space is zero if L C and C otherwise. So we have,
Applying these one in (2.2), we get the result.
Lemma 2.4.
(1) The wall crossing locus C + 13 (resp. C − 13 ) at α = 13 is a P
6
(resp. P 3 )-bundle over the product space
Proof. One can easily check that, if the pair (1,
. Hence the description of the base spaces come from that
for all α. Also, the free resolutions of F dm+χ are given in [10] .
Using these one and Proposition 2.1, we obtain that
So we have the results in lemma.
Recall that the wall types at α = 3 are given by (1, 1) ).
Since the wall may not be simple, we need more detail calculation. Obviously, the first two types are general case. The third one is the intersection part. Let us denote the general case by C
Since the stable pairs in the intersection part may have nontrivial automorphism, we compute the wall crossing separately in Lemma 2.5 and Lemma 2.6. Lemma 2.5.
(1) (a) The locus A + is a P 4 -bundle over P 2 × B(4, 3). The locus A + ∩ D + is a disjoint union of a P 3 -bundle over a P 3 -bundle over (P 2 × (P 2 − pt)) × B(3, 0) and a P 2 -bundle over P 3 -bundle over a
Here the space M (2, 2) s consists of the stable sheaves which is isomorphic to P 5 − V where the V ∼ = Sym 2 (P 2 ) is the space of degenerated conics.
Proof. For α > 3 + ǫ, the stable pairs (s, F) in A + fits into the exact sequence
Also one can easily check that all of the non-split extension in the equation are α-stable. Thus A + is the P(Ext
3), the pair (1, F 4m+1 ) should fit into the exact sequence
By the long exact sequence obtained by (2.4), we see
Then one can check that the non-split extensions in A
+ lie in the intersection part D + if and only if ξ = 0. But, we know that
Thus the kernel of ξ depends on the choices of F ′ m+1 and F m+1 . Note that the nonsplit extension class in (2.4) is parameterized by P(Ext 1 ((1, F 3m ), (0, F m+1 ))) ∼ = P 3 . Combining with these one, we get the results.
The stable pairs in the complement of D + in B + should be supported on a quintic curve with smooth conic as a component. Hence, the locus
. By using the resolution of the sheaves, we see that Ext
and so we get (1)-(b). The proof of the case α < 3 − ǫ is the same as that of α > 3 + ǫ except that
Plug these one in above, one can finish the proof of lemma.
Lemma 2.6.
(1) The locus D + is the disjoint union of a P 3 × P 3 -bundle over
The intersection locus D − is the disjoint the union of a P 2 × P 2 -bundle over
Proof. The stable pairs (s, F) ∈ D + fits into the exact sequence
Note that a non-split extension fitting in (2.5) may not be α-stable. Also, the automorphism of the pair (0, F 3m ), (0, F ′ m+1 ))). By quotient out the Aut ((0, F 2m+2 ) ) ∼ = C * × C * , we see that it is isomorphic to the product space F 3m ), (0, F m+1 )) and Aut((0, F 2m+2 )) ∼ = GL(2) acts on this C 2 in the standard fashion. Hence we have
Since Ext
, we have prove the first part of the item (1). The case α < 3 is the same as that of α > 3 except that Ext
3 so we get the results in item (2).
Remark 2.7. We remark that the locus satisfying the condition (2)) is not a Zariski locally trivial fiberation. It can be described as an way to compute the virtual Poincaré polynomial ( [19] ). For convenience of the reader, we address the detail.
Let Z be the projective bundle over P 9 × P 2 with the fiber P(Ext
The bundle Z can be constructed from the tautological pair of the extensions ( [23] ). Let p : Z × P 9 Z → P 9 × P 2 × P 2 be the canonical projection. Then the group Z 2 equivariantly acts on the both spaces. Let us denote the descent map bȳ
Then one can easily see that the inverse imagep
, which is isomorphic to the quotient space
As applying the formula in [20, Lemma 2.6], one can get the the virtual Poincaré polynomial of the later space.
For later use, let us put the variation of the virtual Poincaré polynomial at the wall α = 3.
Corollary 2.8. Proof. The wall crossing terms are a disjoint union of the locally closed subsets. Thus,
By the descriptions in Lemma 2.5, Lemma 2.6, and Remark 2.7, we obtain the result.
Since the proof of the below lemma is very similar with that of Lemma 2.4. We omit the proof. ) at α = 1 2 is a P 6 (resp. P 5 )-bundle over the product space P 5 × B (3, 1) .
In a summery, through Lemma 2.3, 2.4, 2.5, 2.6, and Lemma 2.9, the first part of Theorem 1.1 has been proved. Remark 2.10. The wall crossing loci C + α for each α can be described by a geometric way (cf. [6] ). The wall-crossing loci are the locus of pairs of seven points, six points, five, four points on a line with a quartic curve at the wall α = 18, 13, 8, 3, respectively, and lastly six points on a conic curve with a cubic curve at α = Proof of (2) 15]). Therefore the Proj of the direct image sheaf p * F is isomorphic to M + (5, 2) and thus the moduli space M + (5, 2) is decomposed into locally closed subsets:
(1) the P 1 -bundle over M(5, 2) 2 and (2) the P 2 -bundle over M(5, 2) 3
where
For later use, we compute the Poincaré polynomial of the exceptional locus M(5, 2) 3 . Proof. The locus M(5, 2) 3 is isomorphic to the moduli space M + (5, −2) by [4, Proposition 4.2.8]. Let us compute the polynomial of the moduli space M + (5, −2) by using the wall crossings. Among the moduli spaces M α (5, −2), one can easily see that there is a single wall-crossing at (1, (5, −2)) = (1, (4, −2))⊕(0, (1, 0) ). Also, by [6, Lemma 2.3] , the space M ∞ (5, −2) is a projective bundle over Hilb 3 (P 2 ) with the fiber P 17 . Since Ext
Since P(Hilb 3 (P 2 )) = 1+2q+5q 2 +6q 3 +5q 4 +2q 5 +q 6 , so the claim is proved.
3. Bridgeland wall crossing of the moduli space M(5, 2)
In this section, we study the wall crossing of the space M(5, 2) in the sense of Bridgeland. The wall crossing of M(5, 2) can be similarly done as the case M(6, 1) ( [7] ). So we omit the detail about the computation of the wall crossing. The remarkable one is to find the final birational model of M(5, 2). To end up, we describe the ray generator of effective cone of the moduli space M(5, 2). As a set, the divisor D is defined as the locus of stable sheaves which is not orthogonal to the vector bundle E (For detail, see [24] ). The existence of such a vector bundle E has been proved in [24, Theorem 4.3] . Let A := φ * O(1) where the map φ : M(5, 2) −→ |O P 2 (5)| is defined by the Fitting ideal ( [15] ). Obviously, the divisor A is the nef divisor of the moduli space M(5, 2). Proof. The computation of the wall crossings is similar with that of M(6, 1) in [7] . So we omit the detail. As cooking up the results in the previous sections, we obtain the virtual Poincaré polynomial of M ∞ (5, 2). Let us add the wall crossing terms in Lemma 2.3, 2.4, 2.5, 2.6, and Lemma 2.9. Let P(C α ) = P(C + α − C − α ). Then, P(M ∞ (5, 2)) = P(M + (5, 2)) + P(C 18 ) + P(C 13 ) + P(C 8 ) + P(C 3 ) + P(C 1 2
